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We present two versions of a mathematical model for the evolution of wear in a
thermoelastic beam resulting from frictional contact with a rigid moving surface.
One version is quasistatic and the other dynamic. We show that the quasistatic
problem allows for the decoupling of the mechanical and thermal aspects of the
process. The problem reduces to that of the heat equation with nonlinear and
history-dependent boundary conditions. Then the displacements, shear stresses,
and wear can be obtained by quadrature. We establish the existence of a local
weak solution for the problem and a partial uniqueness result and obtain condi-
tions for the solution's further regularity. The dynamic problem consists of the heat
equation coupled with the equation of motion and the Archard wear equation. We
prove the existence and uniqueness of the local weak solution of this problem too.
Q 2000 Academic Press
1. INTRODUCTION
Situations where elastic structures or components come into contact are
common in industrial settings and in everyday life. The wear of the
contacting surfaces is a major factor in the integrity and long-term reliabil-
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ity of many industrial machines and their components. Consequently,
problems involving contact, friction, and wear phenomena have received a
great deal of attention in the engineering literature.
However, in the mathematical literature, the formulation of general
detailed models for these processes and their analysis is very recent. The
problem of dynamic thermoviscoelastic frictional contact with wear, based
w xon a general model for the processes which had been derived in 13 , was
w xconsidered in 4 where the existence of a weak solution for the problem
w xwas shown. In 2 the existence of a unique weak solution for the qua-
sistatic problem of frictional contact for a viscoelastic material with sliding
friction and wear was proved. The existence of weak solutions of frictional
w xthermoelastic contact problems was shown in 12 without frictional heat
w xgeneration and in 5 with frictional heat generation. Recently, the dy-
namic problem with wear when the friction coefficient is discontinuous was
w x w xstudied in 9 . Related results for rolling contact can be found in 1 .
Moreover, numerical simulations of the quasistatic problem can be found
w xin 6 . Finally, mathematical analysis of the dynamic frictional contact
w xbetween a beam and a moving surface can be found in 3 , and thermoelas-
w xtic contact is presented in 10 .
In this work we present two versions of a model for the one-dimensional
process of frictional contact with wear. It represents the wear of the tip of
a beam resulting from its frictional contact with a moving rough surface.
The purpose of this simplified setting is to allow for a better understanding
of the main characteristics of the model, without having to deal with the
mathematical difficulties associated with three dimensions. The model is a
system of equations for temperature, wear, and displacements. In the
quasistatic approximation the equation of elasticity is elliptic and is cou-
pled, via the boundary conditions, to the heat equation. Wear is described
by the Archard law. It turns out that the problem decouples and once the
temperature has been found, by solving the heat equation with a strongly
nonlinear boundary term, the displacements and the wear can be obtained
by quadrature.
The dynamic problem consists of the equation of motion for a viscoelas-
tic beam, coupled with the energy equation for the temperature and the
wear equation. We use two slightly different thermal boundary conditions
in the two versions. In the dynamic problem we neglect the contribution of
wear to heat generation on the contact surface, but include pressure relief
due to wear.
We assume that the foundation moves only upward, and the tip velocity
lags behind it. This leads to a considerable simplification of the mathemat-
ical model, however, at the price of proving only the existence of solutions
local in time. The difficulty is related to the process requirement that the
contact pressure satisfies p G 0, since once the pressure is 0 the contact is
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essentially lost. Our mathematical solutions may exhibit p - 0, which
means that the mathematical model describes the process only up to the
time when p s 0. Thus, we obtain only local solutions. However, under
additional conditions on the problem data we show the existence of global
solutions.
We now describe the remaining sections of this paper. In Section 2 we
present the model for the process. We use two different ways to describe
heat generation on the contacting end, one of them based on recent
w xresults in 13 . We formulate the dynamical problem and show how it
decouples in the quasistatic approximation. Once the thermal problem,
which consists of the heat equation and a nonlinear and nonlocal boundary
condition, has been solved, the wear and displacements are obtained by
quadrature. Section 3 is devoted to establishing the existence of a weak
solution for the thermal problem. The proof is based on the Schauder
fixed-point theorem. The solutions, generally, are only local in time;
however, we show that under certain restrictions on the physical constants,
the solutions are global. In Section 4 we prove a partial uniqueness result
for solutions with improved regularity. Then, we prove that under addi-
tional conditions on the problem data the solutions are more regular, and
unique too. Finally, we prove the existence of a local weak solution for the
dynamic problem in Section 5. First, we rewrite it in an abstract operator
w xform and then use the existence theorems in 7, 8 to obtain weak
solutions.
The conditions which will guarantee global solutions remain essentially
open. Further mathematical analysis of the behavior of the solutions seems
to be of interest, and so is the more complicated problem when the slip
may change direction or stick is allowed.
2. CLASSICAL MODELS
We consider a horizontal thin beam attached to a wall at its left end
while the right end is in frictional contact with a rigid moving surface. The
setting is depicted in Figure 1. The contact is accompanied by frictional
heat generation and leads to the wear of the contacting end. The surface
may represent a moving component, a belt which is polishing the end of a
thin elastic object, or a finishing wheel.
Ž .The area center of gravity of the beam in its stress free and isothermal
reference configuration coincides with the interval 0 F x F 1. For T ) 0,
Ž . Ž . Ž . Ž .we set V s 0, 1 = 0, T and let u s u x, t and u s u x, t representT
the vertical displacement and the temperature fields of the beam, respec-
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FIG. 1. The deflected beam in frictional contact.
Ž .tively, at x, t g V LetT
s s s x , t s ycu x , t y cdu x , tŽ . Ž . Ž .x x x t x x x
Žbe the shear stress, where c s EI is the flexural rigidity of the beam E is
.Young's modulus and I is the moment of inertia and d is the viscosity
coefficient. Here and below, the subscripts x and t denote partial deriva-
Ž .tives. Let f denote the linear intensity of the vertical applied force. Then
the dynamic equation of motion is ru y s s f , where r is the densityt t x
Ž .per unit length of the beam. Thus,
ru q cu q cdu s f in V . 2.1Ž .t t x x x x t x x x x T
The energy equation can be written as
u y ku s 0 in V , 2.2Ž .t x x T
Ž .where k s kr c r is the thermal diffusivity, k is the thermal conductiv-p
ity, and c is the heat capacity.p
We prescribe the initial conditions
u x , 0 s u x , u x , 0 s ¤ x , u x , 0 s u x 2.3Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 t 0 0
for 0 F x F 1, where u , ¤ , and u are known.0 0 0
The beam is rigidly attached at its left end to a wall which is kept at
ambient temperature u , which is taken as 0 after rescaling the tempera-b0
ture. The thermal interaction is modeled by the Newton law; thus,
u 0, t s 0, u 0, t s 0, ku 0, t s h u 0, t 2.4Ž . Ž . Ž . Ž . Ž .x x 0
for 0 F t F T , where h is the scaled heat transfer coefficient.0
Our interest lies in the processes at the contacting end. We assume that
Ž .the obstacle is moving with vertical velocity ¤# s ¤# t and there is no
loss of contact. We model the mechanical interaction by the Coulomb law
friction.
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To describe the contact we need an expression for the contact stress
Ž .p s p t that results from the horizontal thermal expansion of the beam,
the wear of the beam's end, and the applied pressure by the moving
surface. We note that when the situation is such that the pressure applied
by the obstacle is known the problem is simpler. It is straightforward to
Ž . Ž w x.show that the scaled contact pressure see, e.g., 6 is
1
p t s p y d w t q a u x , t dx , 2.5Ž . Ž . Ž . Ž .H0ž /0 q
Ž .where p is the initial or applied pressure by the obstacle, w s w t is the0
Ž .wear function, d is the wear grooves ratio discussed below , and a is the
scaled coefficient of thermal expansion. The integral describes the contri-
bution of the thermal expansion to the pressure increase, while the wear
Ž .  4contributes to the pressure relief. We use f s max f , 0 to ensure thatq
the pressure is compressive, since the pressure vanishes when contact is
lost.
There is only relative slip between the end and the moving foundation;
therefore, the Coulomb law of dry friction may be written as
< <s 1, t s m p t , u 1, t y ¤# t s yls 1, t , 2.6Ž . Ž . Ž . Ž . Ž . Ž .t
where m is the scaled coefficient of friction, and the shear is opposite to
Ž .the slip l G 0 .
There are no bending moments acting at the free end; thus,
u 1, t q du 1, t s 0. 2.7Ž . Ž . Ž .x x t x x
Next, we describe the thermal boundary condition. The friction gener-
ates energy which in part flows into the beam and in part into the moving
Ž . Ž .surface. The latter is assumed to have the scaled temperature u s u t ,b b
and we assume that the loss of energy to the moving surface is described
by Newton's law with heat exchange coefficient h ; thus,b
< <yku 1, t s y k p t q m p t u 1, t y ¤# tŽ . Ž . Ž . Ž . Ž .Ž .x w t
q h u 1, t y u t . 2.8Ž . Ž . Ž .Ž .b b
The first term on the right-hand side represents the frictional heat genera-
Ž w xtion which takes place during the slip motion see, e.g., 13 for the
.derivation and the second represents the thermal heat exchange between
the end and the surface. The heat generation term, in turn, consists of a
term which arises from the wear process and another from the usual
frictional rubbing. Here k is the wear coefficient.w
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w xAnother version of the thermal condition, which was used in 6 , may be
obtained by neglecting the wear term and including instead the energy loss
due to material removal; thus,
< <yku 1, t s u 1, t w9 t y m p t u 1, t y ¤# tŽ . Ž . Ž . Ž . Ž . Ž .x t
q h u 1, t y u t . 2.9Ž . Ž . Ž .Ž .b b
Here w9 s dwrdt, and the first term on the right-hand side represents the
energy lost with the worn material.
Ž .The wear function w s w t represents the cumulative wear of the
w xbeam's contacting end over the time period 0, t . The quantity Aw, where
A is the beam's cross-sectional area, measures the total amount of mate-
rial removed in the process. Since scratches and deep grooves may de-
Ž .velop, we introduce the equi¤alent wear length s s s t as
s t s d w t ,Ž . Ž .
where d is an experimental process parameter related to the scaled
material density of the worn surface. It measures the ``ruggedness'' of the
material removal process and represents, to some extent, the ``roughness''
of the rigid surface and of the worn end. Since the scaled density of the
bulk beam material is r s 1, on the contacting surface we have d s AwrAs,
which is the ratio of the removed material to the removed volume.
ŽThe evolution of the wear process is described by the Archard law see,
w x w x.e.g., 4 or 13 . The wear rate is assumed to be proportional to the
thermal energy generated by friction which, in turn, depends on the
relative slip velocity u y ¤# and on the pressure. Thus,t
< <w9 t s k p t u 1, t y ¤# t 2.10Ž . Ž . Ž . Ž . Ž .w t
for 0 F t F T. Here k is the scaled wear coefficient, a positive constantw
which in most engineering applications is very small. The initial wear is
Ž .w 0 s w and for the sake of simplicity we assume that0
w s 0. 2.11Ž .0
We collect now the equations and the conditions above, and, thus, the
dynamic frictional contact problem with wear for a beam is:
 Ž . Ž . Ž .4Problem P . Find a triplet u s u x, t , u s u x, t , w s w t such thatd
Ž . Ž .Eqs. 2.1 and 2.2 hold together with the initial and boundary conditions
Ž . Ž . Ž . Ž .2.3 ] 2.7 and 2.9 ] 2.11 .
The weak formulation of the problem, the statement of our existence
result, and the proof will be given in Section 5.
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Now, we describe a quasistatic approximation for the problem. We
Ž .assume the following: The inertial term ru in 2.1 may be neglected;t t
there is no viscosity, d s 0; no body forces act on the beam, f s 0; the
Ž .thermal boundary condition is 2.8 ; the velocity of the rigid surface ¤# is
strictly positive, i.e., directed upward, and, therefore, the beam is bending
upward.
Ž .It follows from 2.6 that the contact shear is
s 1, t s m p t . 2.12Ž . Ž . Ž .
Ž . Ž . Ž .Next, we integrate Eq. 2.1 over the interval x, 1 , use 2.12 , and find
ycu 1, t s s 1, t s m p t . 2.13Ž . Ž . Ž . Ž .x x x
Ž .Performing another integration over the interval x, 1 and using condition
Ž . Ž .2.10 , and then integrating over the interval 0, x twice and using the
Ž .boundary conditions 2.4 we obtain an explicit formula for the displace-
Ž .ment field u in terms of the contact shear s 1, t ,
1 m




u 1, t s p t and u 1, t s p9 t , 2.15Ž . Ž . Ž . Ž . Ž .t3c 3c
where p9 s dprdt.
Ž . Ž .The Archard condition 2.10 can be written, by employing 2.15 , as
mt
w t s k p s ¤# s y p9 s ds. 2.16Ž . Ž . Ž . Ž . Ž .Hw ž /3c0
Ž . Ž .Here we assume that u 1, t F ¤# t for all t and that w s 0.t 0
The quasistatic wear problem is investigated in the next section where
we state it in an abstract form and then establish its solvability. Further
regularity of the solutions and uniqueness results are given in Section 4.
Ž .Remark. In the condition for the contact pressure 2.5 we did not take
into account the shortening of the beam as a result of its bending. In
general, this shortening may generate pressure relief of the same order of
Ž .magnitude as the other terms in 2.5 or even larger. One way to take it
into account is to consider the length shortening
21 › uL
D L s dx ,H ž /2 › x0
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and the pressure relief yEA D L associated with it. But, a simple steady
calculation shows that this term is often very small. Indeed, if we consider
a beam 1 m long, with rectangular cross section of A s 3 cm = 4 cm, with
E s 200 = 109 Nrm2 and I s 16 = 10y8 m4, then the maximal deflection
of the end is 1.6 cm and D L s 1.04 = 10y3 cm corresponding to a force of
2400 N, which may or may not be negligible. However, in the setting of
both problems in this paper, the bending is not changing much in time,
and, therefore, we may consider the reference configuration as including
the projection of the bent beam on the x-axis. In this way the shortening
due to bending is included without affecting the analysis. Generally, this
may not be realistic, but adding this term may be at the price of consider-
able complication of the mathematical analysis, and, moreover, the decou-
pling of the quasistatic problem would be impossible.
3. THE QUASISTATIC PROBLEM
In this section we consider the quasistatic problem and prove the
existence of its weak solution. We neglect the contribution of the wear rate
Ž .to the pressure and use condition 2.8 . The quasistatic thermoelastic
problem of frictional wear of a beam is the following.
Ž .Problem P . Find a function u s u x, t such thatqst
u y ku s 0 in V , 3.1Ž .t x x T
u x , 0 s u x on 0 F x F 1, 3.2Ž . Ž . Ž .0
ku 0, t s h u 0, t , 3.3Ž . Ž . Ž .x 0
m
ku 1, t s k p t q m p t ¤# t y p9 tŽ . Ž . Ž . Ž . Ž .Ž .x w ž /3c
y h u 1, t y u t , 3.4Ž . Ž . Ž .Ž .b b
1
p t s p q a u x , t dx 3.5Ž . Ž . Ž .H0
0
Ž .for 0 F t F T. Here, we assume that p ) 0 and so remove the ? from0 q
p and use it as long as p G 0; that is, we consider the local version of the
problem.
The assumptions that the process is quasistatic and the slip is positive
Ž . Ž . Ž .lead to the decoupling of the original problem 2.1 ] 2.8 , 2.10 , and
Ž .2.11 . The decoupled problem consists of the heat equation with a non-
linear and nonlocal boundary condition.
We have the following existence result for the quasistatic problem.
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Ž . Ž .THEOREM 3.1. Assume that p ) 0. Then problem 3.1 ] 3.5 has a local0
weak solution u such that
u g L2 0, T ; H 1 0, 1 , u 9 g L2 0, T ; H 1 0, 1 9 3.6Ž . Ž . Ž .Ž . Ž .Ž .
for some T ) 0.
 4 Ž .Therefore, the triplet u , u, w , where u is given by 2.14 and w is given
Ž . Ž . Ž . Ž .by 2.16 , is a local weak solution of the problem 2.1 ] 2.8 , 2.10 , and
Ž .2.11 .
The proof is based on regularization and a priori estimates and is given
below.
The existence of a global solution in the general case is an interesting
but unresolved question; however, we have the following global result in a
special case.
THEOREM 3.2. Suppose, in addition, that
am3 - 12ck . 3.7Ž .w
Ž . Ž . Ž .Then for all T ) 0 there exists a weak solution to 3.1 ] 3.5 satisfying 3.6 .
The proof of the theorem follows from that of Theorem 3.1, and is
indicated at the end of the section.
Furthermore, if, as is often the case in applications, the motion of the
end is negligible compared with ¤#, we may neglect the term with p9 in
Ž . Ž .3.4 . Thus, we replace 3.4 with
ku 1, t s k p t q m p t ¤# t y h u 1, t y u t 3.8Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .x w b b
for 0 - t F T. We have
THEOREM 3.3. Assume that 0 F u and 0 F u . Then problem0 b
Ž . Ž . Ž . Ž .3.1 ] 3.3 , 3.8 , and 3.5 has a global weak solution u such that
u g L2 0, T ; H 1 0, 1 , u 9 g L2 0, T ; H 1 0, 1 9Ž . Ž .Ž . Ž .Ž .
for all 0 - T - ‘.
The proof is obtained from that of Theorem 3.1. It is based on the
observation that under the conditions of the theorem it follows from the
w x w x Ž .weak maximum principle that 0 F u on 0, 1 = 0, T . Therefore, by 3.5
we find that 0 F p, which leads to the global result as in Theorem 3.2.
We establish Theorem 3.1 in steps which are given in the following
Ž .lemmas. But first we reformulate the problem by eliminating p9 from 3.4 .
Ž . Ž . Ž . Ž .Let C j s k j q m j . Then using Eqs. 3.1 and 3.5 we may writew
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Ž .condition 3.4 as
1 y b C p ku 1, t s C p ¤# t q b h u 0, tŽ . Ž . Ž . Ž . Ž .Ž . Ž .x 0
y h u 1, t y u t , 3.9Ž . Ž . Ž .Ž .b b
where b s mar3c. Next, we define
C p hŽ . bU Uh p s , h p s , 3.10Ž . Ž . Ž .1 21 q b C p 1 q b C pŽ . Ž .
Žwhich are Lipschitz continuous functions as long as p G 0 actually, as
Ž . .long as C p ) y1rb , but our model does not make sense for p - 0 .
Ž .Then, the boundary condition 3.9 may be written as
ku 1, t s hU p ¤# t q b h u 0, t y hU p u 1, t y u t .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .x 1 0 2 b
3.11Ž .
We assume that the initial temperature u G 0, and thus0
1




1 q b C p 0 s 1 q k p 0 q m p 0 G 1. 3.13Ž . Ž . Ž . Ž .Ž . Ž .Ž .w3c
Ž . Ž .We will obtain a local weak solution for problem 3.1 ] 3.5 by establish-
ing the existence of a global solution to a problem where hU and hU are1 2
regularized. Let h and h be two Lipschitz functions satisfying1 2
1
< < < <F h j F K and h j y h j F K j y jŽ . Ž . Ž .i i 1 i 2 1 22
for some K, i s 1, 2, and such that
U < <h j s h j for all j - R 3.14Ž . Ž . Ž .i i
1Ž .for i s 1, 2, and R ) 0 for which b C yR ) y .2
Now, we consider the regularized auxiliary problem: Find u such that
u g L2 0, T ; H 1 0, 1 , u 9 g L2 0, T ; H 1 0, 1 9, 3.15Ž . Ž . Ž .Ž . Ž .
u y ku s 0 in V , 3.16Ž .t x x T
u x , 0 s u x on 0 F x F 1, 3.17Ž . Ž . Ž .0
ku 0, t s h u 0, t , 3.18Ž . Ž . Ž .x 0
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ku 1, t s h p ¤# t q b h u 0, tŽ . Ž . Ž . Ž .Ž .x 1 0
y h p u 1, t y u t , 3.19Ž . Ž . Ž . Ž .Ž .2 b
1
p t s p q a u x , t dx 3.20Ž . Ž . Ž .H0
0
Ž . Ž 2Ž ..for 0 F t F T. It follows from 3.15 that u g C 0, T ; L 0, 1 and so a
Ž . Ž .global solution, in time, of the auxiliary problem 3.15 ] 3.20 yields a local
Ž . Ž .solution to the original problem. Indeed, if u is any solution of 3.15 ] 3.20
Ž . Ž .it also solves 3.1 ] 3.5 , as long as
1
p q a u x , t dx - R .Ž .H0
0
We use a fixed-point argument to establish the existence of solutions to
the auxiliary problem. To this end we consider an abstract form of the
problem. Let
H ’ L2 0, 1 , E ’ H 1 0, 1 ,Ž . Ž .
F ’ H 3r4 0, 1 , H ’ L2 0, T ; H , E ’ L2 0, T ; E .Ž . Ž . Ž .
² : 1We define the operator A: E “ E9 by Au , c ’ H u c dx. For each0 x x
Ž . Ž .¤ g H let q ¤ g L F, F9 be defined by1
1² :q ¤ u , z ’ b h h p q a ¤ dx u 0 z 1Ž . Ž . Ž .H1 0 1 0ž /0
1
y h p q a ¤ dx u 1 z 1 ,Ž . Ž .H2 0ž /0
Ž .and let q t, ? : E “ E9 be given by0
² :q t , u , z s yh u 0 z 0 q ¤# t h p z 1 q h p u t z 1 ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 0 1 2 b
where p s p q aH1u dx.0 0
Now, it follows from the assumption that h and h are Lipschitz and1 2
bounded, that there exists a positive constant M such that
5 5 < <q u y q u F M u y u 3.21Ž . Ž . Ž .L ŽF , F 9. H1 1 1 2 1 2
and
<² : < 5 5 5 5q ¤ u , c F M u c . 3.22Ž . Ž .F F1
We assume, in addition, that u and ¤# are C1 functions. Thus, we mayb
also assume that
<² : < 5 5 5 5q t , u y q t , u , c F M u y u c , 3.23Ž . Ž . Ž .F , F 9 F F0 1 0 2 1 2
<² : < 5 5 5 5q t , u , c F M u c . 3.24Ž . Ž .F , F 9 F F0
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Ž .Next, we formally apply the left-hand side of 3.16 to a test function from
E, perform an integration by parts, and obtain the following abstract form
Ž . Ž .of 3.15 ] 3.20
u g E , u 9 g E 9, u 0 s u g H , 3.25Ž . Ž .0
u 9 q kAu s q u u q q t , u , 3.26Ž . Ž . Ž .1 0
in which the boundary conditions are included in the forcing functions on
Ž . Ž . Ž .the right-hand side of 3.26 . We obtain a solution to 3.25 and 3.26 by
using a priori estimates and a fixed-point theorem.
Ž . Ž .Let ¤ g H and let u be the solution of the problem 3.25 and 3.26 in¤
Ž .which q s q ¤ . We now obtain the necessary a priori estimates. We1 1
Ž . Ž . Ž . Ž .multiply 3.26 with q s q ¤ by u , integrate, and use 3.22 and 3.24 to1 1
find
1 1 t2 2 2< < < < 5 5u t y u q k u s dsŽ . Ž .H H H E¤ 0 ¤2 2 0
t t2 2< < 5 5F k u s ds q 2 M u s ds.Ž . Ž .H H H F¤ ¤
0 0
5 5 2 5 5 2 < < 2It follows from the inequality u F e u q C u that there exists aF E He
constant C independent of ¤ g H such that
t t2 2 2< < 5 5 < <u t q u s ds F C q C u s ds,Ž . Ž . Ž .H H E H H¤ ¤ ¤
0 0
and, consequently, the Gronwall inequality implies
t2 2< < 5 5u t q u s ds F C. 3.27Ž . Ž . Ž .H H E¤ ¤
0
Now, let
5 5 5 5 5 5 4X ’ u g E : u 9 g E 9 , u ’ u q u 9 .X E E 9
Ž .  4It follows from 3.26 that u 9 is bounded in E 9 and, therefore, u : ¤ g H¤
w xis bounded in X. Thus, by a result of Lions 11, p. 57 , the mapping ¤ “ u¤
maps H into a compact subset of H. Once we show that this map is
continuous we will apply the Schauder fixed-point theorem.
 4LEMMA 3.1. If ¤ “ ¤ in H, then there exists a subsequence n such thatn k
Ž .u “ u in E l C 0, T ; H .¤ ¤n k
 4 Ž .Proof. If ¤ “ ¤ in H there is a subsequence n such that ¤ t “n k nk
Ž .¤ t a.e. Denoting n by j and omitting the subscript ¤ we havek
u X q kAu s q ¤ u q q t , u , u 9 q kAu s q ¤ u q q t , u .Ž . Ž . Ž .Ž .j j 1 j j 0 j 1 0
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Subtracting the two expressions and multiplying the result by u y u wej
obtain
1 t2 2< < 5 5u t y u t q k u s y u s dsŽ . Ž . Ž . Ž .H H Ej j2 0
t t2< < ² :s k u s y u s ds q q ¤ u y q ¤ u , u y u dsŽ . Ž . Ž . Ž .H H Hj 1 j j 1 j
0 0
t² :q q s, u y q s, u , u y u ds.Ž .Ž .H 0 j 0 j
0
Ž . Ž .Using 3.21 ] 3.24 we find
t2 2< < 5 5u t y u t q u s y u s dsŽ . Ž . Ž . Ž .H H Ej j
0
t 25 5F C u y u dsH Fj
0
t
5 5 5 5 5 5q q ¤ y q ¤ u u y u dsŽ . Ž .H L ŽF , F 9. F F1 j 1 j
0
t 2< <q C u y u ds. 3.28Ž .H Hj
0
Now, the second integral on the right-hand side is no larger than
1r2 1r2
t t2 2 25 5 5 5 5 5q ¤ y q ¤ u ds u y u ds . 3.29Ž . Ž . Ž .H L ŽF , F 9. F H F1 j 1 jž / ž /0 0
Ž . Ž .The integrand in the first integral of 3.29 converges to 0 a.e. by 3.21
Ž . Ž . 5 5 2 1Ž .since ¤ t “ ¤ t a.e. It is also bounded by C u , which lies in L 0, T .Fj
Therefore, this integral converges to 0 by the dominated convergence
Ž .theorem. Then 3.28 implies
t2 2< < 5 5u t y u t q u s y u s dsŽ . Ž . Ž . Ž .H H Ej j
0
t t2 25 5 < <F e q C u y u ds q C u y u ds,H F H Hj j j
0 0
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5 5 5 5 < <where e “ 0 as j “ ‘. Using the inequality a F e a q C a andF E Hj e
the Gronwall inequality we obtain
t2 2 CT< < 5 5u t y u t q u s y u s ds F e e ,Ž . Ž . Ž . Ž .H H Ej j j
0
which proves the lemma.
COROLLARY 3.1. Let ¤ “ ¤ in H. Then u “ u weakly in X.n ¤ ¤n
Ž . Ž .Proof. We need to show that q ¤ u q q ?, u converges weakly to1 n ¤ 0 ¤n n
Ž . Ž .q ¤ u q q ?, u . Suppose that this is not the case. Then by Lemma 3.11 ¤ 0 ¤
 4 Ž . Ž . Ž .there is a subsequence ¤ such that ¤ t “ ¤ t a.e., and q ¤ u ' j /l l 1 l l
Ž . Ž .q ¤ u , although u “ u in C 0, T ; H l E. Here we used the notation1 l
Ž . Ž .u s u and u s u . Thus, q ?, u “ q ?, u , and¤ l ¤ 0 l 0l
t t² : ² :q ¤ u y q ¤ u , c ds F q ¤ u y q ¤ u , c dsŽ . Ž . Ž . Ž .H H1 l l 1 1 l l 1 l
0 0
t² :q q ¤ y q ¤ u , c ds .Ž . Ž .Ž .H 1 l 1
0
The last term converges to 0 by the dominated convergence theorem. The
first term on the right-hand side converges to 0 by the Holder inequalityÈ
and Lemma 3.1. Thus,
q ¤ u ' q ¤ u ,Ž . Ž .1 l l 1
Ž . Ž .which is a contradiction. Hence, q ¤ u converges weakly to q ¤ u in1 n ¤ 1 ¤n
Ž . X XE 9. It follows from 3.26 that u ' u in E 9 and then u ' u in X.¤ ¤ ¤ ¤n n
Ž . Ž .THEOREM 3.4. There exists a solution for problem 3.25 and 3.26 .
Proof. We showed that if ¤ “ ¤ in H then u “ u in X. It followsn ¤ ¤nw xfrom a result in Lions 11 that u “ u in H. Thus, the map ¤ “ u is¤ ¤ ¤n
continuous and its range lies in a compact subset of H. By the Schauder
fixed-point theorem this map has a fixed point u s ¤ which is a solution¤
Ž . Ž .of 3.25 and 3.26 .
Ž . Ž .The solution of 3.25 and 3.26 is a local weak solution of the original
problem, and this establishes Theorem 3.1. We did not prove the unique-
ness of the solutions; however, a partial uniqueness result will be given in
Theorem 4.1 below.
Ž .The proof of Theorem 3.2 follows by noting that condition 3.7 implies
1 q b C j ’ 1 q b k j q m j ) j# ) 0,Ž . Ž .w
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which, in turn, guarantees that the functions hU and hU are globally1 2
bounded and Lipschitz continuous.
4. UNIQUENESS AND FURTHER REGULARITY
The solutions described in Theorems 3.1 and 3.2 are very weak. In this
section we derive the existence of solutions with increased regularity. But,
first, we obtain a partial uniqueness result.
Ž . Ž .THEOREM 4.1. Suppose there exists a solution u of 3.25 and 3.26 such
5 5 ‘that u - ‘. Then u is the unique solution of the problem.L Ž0, T ; F .
Ž . Ž .Proof. Suppose f is another solution of 3.25 and 3.26 . Then
1 t2 2< < 5 5f t y u t q k f s y u s dsŽ . Ž . Ž . Ž .H H E2 0
t t2< < ² :s k f s y u s ds q q f f y q u u , f y u dsŽ . Ž . Ž . Ž .H H H 1 1
0 0
t² :q q s, f y q s, u , f y u ds.Ž . Ž .H 0 0
0
Ž . Ž .Using 3.21 ] 3.24 we obtain
t2 25 5f t y u t q f y u dsŽ . Ž . H EH
0
t 25 5F C f y u dsH F
0
t
5 5 5 5 5 5q q f y q u u f y u dsŽ . Ž .H L ŽF , F 9. F F1 1
0
t t2 2< < 5 5qC f y u ds F C f y u ds,H H H F
0 0
5 5 ‘ 5 5 2 5 5 2 < < 2where C depends on u . Using the inequality ¤ F e ¤ q C ¤L F E He
we find
t t2 2 2< < 5 5 < <u t y f t q u y f ds F C u y f ds,Ž . Ž . H H E H H
0 0
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Ž . Ž .and then it follows from the Gronwall inequality that u t s f t . This
proves the theorem.
Ž .Next we explore conditions for higher regularity for solutions of 3.25
Ž .and 3.26 . To this end let g , for j s 0, 1, denote the trace maps at x s 0j
Ž . Ž .and x s 1, respectively; thus, g u ’ u 1 , g u ’ u 0 whenever u g F. It1 0
follows that g g F9. Then we may writej
q u u s g U h p b h g u y g U h p g uŽ . Ž . Ž .Ž . Ž .1 1 1 0 0 1 2 1
and
q t , u s ygU h g u q g U ¤# t h p q g U u t h p ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .0 0 0 0 1 1 1 b 2
where p s p q aH1u dx.0 0
Ž . Ž . 2Ž .We assume that the data functions u t and ¤# t lie in C R . Thenb
Ž .Eq. 3.26 may be written as
u 9 q kAu s g U h p b h g u y g U h p g uŽ . Ž .Ž . Ž .1 1 0 0 1 2 1
y g U h g u q g U ¤# t h p q g U u t h p .Ž . Ž . Ž . Ž . Ž .Ž . Ž .0 0 0 1 1 1 b 2
4.1Ž .
2Ž .We also assume, without loss of generality, that h g C R and that h ,j j
hX , and hY are all uniformly bounded. We formally differentiate thej j
Ž .right-hand side of 4.1 with respect to t and obtain
g U hX p q b h g u q h p b h g u 9Ž . Ž . Ž .Ž .1 1 0 0 1 0 0
y g U hX p qg u q h p g u 9Ž . Ž . Ž .Ž .1 2 1 2 1
y g U h g u 9 q g U ¤ X# t h p q ¤# t hX p qŽ . Ž . Ž . Ž . Ž .Ž .0 0 0 1 1 1
y g U u X t h p q u t hX p q ,Ž . Ž . Ž . Ž .Ž .1 b 2 b 2
1 Ž .where q s p9 s aH u 9 dx. Now let ¤ ’ u 9, and for ¤ , u g E = E, let0
Ž .N t, ¤ , u g E9 be defined by
N t , ¤ , u ’ g U hX p G q b h g u q h p b h g ¤Ž . Ž . Ž . Ž .Ž .1 1 R 0 0 1 0 0
y g U hX p G q g u q h p g ¤Ž . Ž . Ž . Ž .Ž .1 2 R 1 2 1
y g U h g ¤ q g U ¤ X# t h p q ¤# t hX p qŽ . Ž . Ž . Ž . Ž .Ž .0 0 0 1 1 1
y g U u X t h p q u t hX p q ,Ž . Ž . Ž . Ž .Ž .1 b 2 b 2
Ž .where G is a bounded Lipschitz function such that G z s z forR R
< <z F R.
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Let R denote the Riesz map from E to E9. We now state:
Problem P . Find u and ¤ such thatR
u , u 9gE , ¤ g E , ¤ 9 g E 9, 4.2Ž .
¤ 9qkA¤ s N ¤ , u , 4.3Ž . Ž .
Ru 9y R¤ s 0, 4.4Ž . Ž .
Ru 0 s Ru , u g E, 4.5Ž . Ž .0 0
¤ 0 s ¤ g H . 4.6Ž . Ž .0
This problem can be formulated abstractly as follows. Let
X ’ y g V : By 9 g V 9 s ¤ , u : ¤ , u g E and ¤ 9 g E 9 , 4  4Ž . Ž .
2Ž .where V ’ L 0, T ; E = E ; denote by A and B the operators
kA¤ y N ¤ , uŽ . I 0A s , B s .ž /ž / 0 RyR¤
Ž .Then the abstract form of Problem P is: Find y g V with By 9 g V 9R
such that
By 9q A y s 0, 4.7Ž . Ž . Ž .
B y 0 s By . 4.8Ž . Ž . Ž .0
w xIt follows from Lions 11 that lB q A is a pseudomonotone operator on
X for all l sufficiently large. It is also straightforward to verify, due to the
boundedness of G , that the operator lB q A is coercive and boundedR
w xon V . Therefore, we obtain from 7, 8 that there exists a solution for
Problem P .R
Now suppose u g E is such that0
kAu s q u u q q 0, u y ¤ , 4.9Ž . Ž . Ž .0 1 0 0 0 0 0
where ¤ g H. This assumption implies that u is sufficiently regular and0 0
satisfies the boundary conditions at t s 0. For these ¤ and u we0 0
consider problem P , where R is chosen so thatR
1
< <q 0 ’ a ¤ dx - R .Ž . H 0
0
w xIt follows that the solution of P is a local solution, valid for t g 0, TR 1
Ž . Ž .some T F T of the problem in which G q has been replaced with q.1 R
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w xTherefore, if we integrate from 0 to t, we obtain, for t g 0, T ,1
u 9 q kAu y ¤ y kAu s q u u q q t , u y q u u y q 0, u .Ž . Ž . Ž . Ž . Ž .0 0 1 0 1 0 0 0 0
Ž .By 4.9 ,
u 9 q kAu s q u u q q t , u , u 0 s u .Ž . Ž . Ž . Ž .1 0 0
It now follows from Theorem 4.1 that there exists a unique solution
Ž . Ž . w xof 3.25 and 3.26 on 0, T , for this initial condition, which satisfies1
Žw x .u , u 9 g E and u 0 g E 9 and, thus, u 9 g C 0, T , H . This establishes the1
following.
Ž .THEOREM 4.2. Suppose the initial condition u satisfies 4.9 and ¤ g H.0 0
w x Ž . Ž .Then there exists an inter¤al 0, T on which problem 3.25 and 3.26 has a1
unique solution u satisfying
w xu , u 9 g E , u 0 g E 9, u 9 g C 0, T , H .Ž .1
< <We note that as long as the solution of P exists such that q - R, thenR
Ž . Ž .the solution of 3.25 and 3.26 with this initial condition exists, is unique,
and behaves better.
5. THE DYNAMIC MODEL
In this section we study a regularized version of the dynamic model and
prove the existence of its unique local weak solution. We continue to
assume that the motion is upward, and consider the problem as long as the
pressure is nonnegative.
The dynamic problem consists of the equation for balance of momentum
of a Kelvin]Voight material
¤ q cu q cd¤ s 0, 5.1Ž .t x x x x x x x x
Ž . Ž . Ž .where ¤ s u , together with 2.2 ] 2.4 and 2.7 . We scaled the variablest
Ž .so that the density is r s 1. We replace 2.6 with
s 1, t s yc u q d¤ 1, t s m p t . 5.2Ž . Ž . Ž . Ž . Ž .x x x x x x
Ž .Also, we rewrite 2.5 as
1
p t s p y d w t q a u x , t dx , 5.3Ž . Ž . Ž . Ž .H0
0
and note that the mechanical problem makes sense only as long as 0 F p.
Next, let c and h be two nonnegative, bounded, and Lipschitz continuous
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Ž . Ž .functions satisfying c r s 0 for r F 0 and h 0 s 0. The function h
provides an upper bound on the wear rate and its contribution to the heat
flux due to the slip. The function c provides an upper bound on the wear
rate and its contribution to the heat flux due to the pressure. Then, we
Ž . Ž .rewrite 2.9 and 2.10 as
< <yku 1, t s u 1, t w9 t y mc p t h ¤ 1, t y ¤# tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .x
q h u 1, t y u t , 5.4Ž . Ž . Ž .Ž .b b
< <w9 t s k u 1, t c p t h ¤ 1, t y ¤# t 5.5Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .w
for 0 F t F T.
Now, the modified version of the dynamic thermoelastic problem of the
wear of the beam's end is:
 4 Ž . Ž . Ž . Ž .Problem P . Find a triplet u , w, n such that 2.2 ] 2.4 , 2.7 , 2.11 ,d
Ž . Ž .and 5.1 ] 5.5 hold.
Remark. Actually, the estimates we derive in the existence and unique-
ness proof below guarantee the existence of a local solution of the problem
Ž .when c r s r.
The wear coefficient k is assumed to be a function of the temperaturew
for technical reasons; we recall that in applications it is taken as a very
small positive constant. We assume that
d
Xk u u , k u u , k u , and k u 5.6Ž . Ž . Ž . Ž . Ž .Ž .w w w wdu
are bounded functions. We make these assumptions for mathematical
expediency; however, we note that their physical interpretation is reason-
able. If u is large enough, softening and eventually melting of the end will
occur and the removal of the molten material will effectively cause an
upper bound for the temperature at the contacting end. Therefore, as-
Ž .sumption 5.6 is as reasonable as the assumption that the wear coefficient
is a constant, especially since one would expect a dependence of this
coefficient on the temperature even for moderate values of u .
Ž .We now rewrite the problem as follows. First, we differentiate 5.3 ;
thus,
1
p9 t s yd w9 t q a u x , t dx.Ž . Ž . Ž .H t
0
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Ž .Hence, by 5.5 we have
< <p9 t s yd k u 1, t c p t h ¤ 1, t y ¤# tŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .w
1
q a ku x , t dxŽ .H x x
0
< <s yd k u 1, t c p t h ¤ 1, t y ¤# tŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .w
q a ku 1, t y a ku 0, t .Ž . Ž .x x
Ž .It follows from 5.4 that
< <ku 1, t s yu 1, t k u 1, t c p t h ¤ 1, t y ¤# tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .x w
< <q mc p t h ¤ 1, t y ¤# t y h u 1, t y u t .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .b b
5.7Ž .
To simplify this expression we write it in the form
ku 1, t s B u t , ¤ t , 5.8Ž . Ž . Ž . Ž .Ž .x u
where, due to the assumptions on the functions c , h, and k ,w
5 5 5 5B u , ¤ y B u , ¤ F K u t y u t q ¤ t y ¤ t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .F Eu 1 1 u 2 2 1 2 1 2
5.9Ž .
1Ž . 3r4Ž .where K is a positive constant, E s H 0, 1 , and F s H 0, 1 . Then,
Ž .the condition for the stress at the right end of 5.2 yields
ys 1, t s c u q d¤ 1, tŽ . Ž . Ž .x x x x x x
s ym p9 tŽ .
< <s m d k u 1, t c p t h ¤ 1, t y ¤# tŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .Ž w
ya ku 1, t q a h u 0, t .Ž . Ž . .x 0
Ž . Ž .Ž . Ž Ž . Ž ..Using 5.7 we write it as c u q d¤ 1, t s B u t , ¤ t , wherex x x x x x ¤
< <B u t , ¤ t s md k u c p h ¤ y ¤# q ma h u 0, tŽ . Ž . Ž . Ž . Ž .Ž .Ž .¤ w 0
< <q mau k u c p h ¤ y ¤#Ž . Ž . Ž .w
2 < <q m c p h ¤ y ¤# y mh u y u t ,Ž . Ž .Ž . Ž .b b
at x s 1, if not indicated otherwise, and 0 F t. Clearly,
5 5 5 5B u , ¤ y B u , ¤ F K u t y u t q ¤ t y ¤ t .Ž . Ž . Ž . Ž . Ž . Ž .Ž .F E¤ 1 1 ¤ 2 2 1 2 1 2
5.10Ž .
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 4In summary, the dynamic problem is to find a pair u , ¤ such that
u yku s 0, 5.11Ž .t x x
u x , 0 s u x , 5.12Ž . Ž . Ž .0
ku 0, t s h u 0, t , 5.13Ž . Ž . Ž .x 0
ku 1, t s B u t , ¤ t , 5.14Ž . Ž . Ž . Ž .Ž .x u
¤ qcu qcd¤ s 0, 5.15Ž .t x x x x x x x x
c u qd¤ 1, t s B u t , ¤ t , 5.16Ž . Ž . Ž . Ž .Ž .Ž .x x x x x x ¤
u qd¤ 1, t s 0, 5.17Ž . Ž .Ž .x x x x
¤ 0, t s0, ¤ 0, t s 0. 5.18Ž . Ž . Ž .x
We have the following existence result:
Ž . Ž .  4THEOREM 5.1. Problem 5.11 ] 5.18 has a unique weak solution u , ¤
such that
u g L2 0, T ; H 1 0, 1 , u 9 g L2 0, T ; H 1 0, 1 9 ,Ž . Ž .Ž . Ž .Ž .
5.19Ž .
¤ g L2 0, T ; H 2 0, 1 , ¤ 9 g L2 0, T ; H 2 0, 1 9 ,Ž . Ž .Ž . Ž .Ž .
w g W 1, ‘ 0, T . 5.20Ž . Ž .
Ž . Ž .We consider the solution of problem 5.11 ] 5.18 as the local weak
solution of the original mechanical problem, as long as p G 0.
We prove the theorem in steps and begin by formulating it abstractly.
Let
V ’ ¤ g H 2 0, 1 : ¤ 0 s ¤ 0 s 0, ¤ 1 s 0 ,Ž . Ž . Ž . Ž . 4x x
1Ž . 2Ž .and recall that E s H 0, 1 and H s L 0, 1 . We use the equivalent
5 5 < <norm ¤ ’ ¤ on V, and denoteV Hx x
V ’ L2 0, t ; V , H ’ L2 0, t ; H , E ’ L2 0, t ; E .Ž . Ž . Ž .t t t
As usual, we identify H and H X.t t
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Ž .Formal integration by parts shows that 5.11 together with the boundary
and initial conditions may be written as
u 9qkLuqN u , ¤ s 0, 5.21Ž . Ž .u
u 0 s u g H , 5.22Ž . Ž .0
and the equation and boundary conditions for ¤ may be written as
¤ 9qcMuqcdM¤qN u , ¤ s 0, 5.23Ž . Ž .¤
¤ 0 s ¤ g H , 5.24Ž . Ž .0
and, for u g V, u is given by0
t
u t s u q ¤ s ds. 5.25Ž . Ž . Ž .H0
0
The operators M: V “ V 9, L: E “ E9, N : E = V “ E9, and N : E = Vu ¤
“ V 9 are defined as follows:
1 1² : ² :M¤ , w ’ ¤ w dx , Lu , f ’ u f dx , 5.26Ž .H Hx x x x x x
0 0
² :N u , ¤ , f ’ h u 0 f 0 y B u , ¤ f 1 ,Ž . Ž . Ž . Ž . Ž .u 0 u
5.27Ž .
² :N u , ¤ , w ’ B u , ¤ w 1 .Ž . Ž . Ž .¤ ¤
Ž . Ž .Next, we write 5.21 ] 5.25 as an evolution system and use the abstract
w x w xexistence theorems in 7 or 8 . Thus,
X cMu q cdM¤ q N u , ¤Ž .¤¤ 0q s , 5.28Ž .ž / ž /u 0ž /kLu q N u , ¤Ž .u
together with the initial condition
¤ 0¤ 0 s . 5.29Ž . Ž .ž / ž /u u0
Ž .TLet y s ¤ , u . Then the system has the form
y9 q L y q N y s 0, y 0 s y , 5.30Ž . Ž .0
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where
N u , ¤Ž .¤cMu q cdM¤L y ’ , N y ’ .ž /kLu ž /N u , ¤Ž .u
LEMMA 5.1. There exists a positi¤e constant K independent of y and y1 2
such that
<² : < 5 5 2N y y N y , y y y F K y y y E=F1 2 1 2 1 2
and
5 5 5 5N y y N y F K y y y ,ŽV=E .9 V=E1 2 1 2
3r4Ž . X Xwhere F ’ H 0, 1 . Moreo¤er, L : V = E “ V = E satisfiest t t t
² : 2 5 5 2 < < 2L y y L y , y y y G d y y y y k y y y ,V =E V =E H =H1 2 1 2 1 2 1 2t t t t t t
2 Ž .where d s min d, k .
Ž . Ž .Proof. It follows directly from 5.9 , 5.10 , and the continuity of the
trace maps on the relevant spaces.
w xTo use the abstract existence theorems in 8 we define the new
dependent variable
elŽ t .z t ’ y t . 5.31Ž . Ž . Ž .
Ž .Then we write Eq. 5.30 in terms of z as
z9 q lz q L z q eylŽ?.N y s 0, z 0 s y . 5.32Ž . Ž .0
LEMMA 5.2. For z g V = E , letT T
A z ’ lz q L z q eylŽ?.N y g V = E 9,Ž .l T T
Ž .where y is gi¤en in 5.31 . Then there exists a positi¤e constant c such that0
² : 5 5 2A z y A z , z y z G c z y z 5.33Ž .V =E V =El 1 l 2 1 2 0 1 2t t t t
w xfor all sufficiently large l and all t g 0, T . Moreo¤er,
A : V = E “ V = E 9Ž .l T T T T
is continuous for all l.
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Ž .Proof. Estimate 5.33 follows from Lemma 5.1. Now A z is of the forml
M z q eylŽ?.NelŽ?.z,
where M is linear and continuous, and the continuity of A results froml
the Lipschitz condition on N.
To verify the other claim of the lemma about strong monotonicity, we
use the compactness of the embedding of V = E into E = F to obtain
positive constants r and C , both independent of t and z, such thatr
5 5 2 2 5 5 2 < < 2z y z F r z y z q C z y z .L Ž0 , t ; E=F . V =E H =H1 2 1 2 r 1 2t t t t
Therefore,
² :A z y A z , z y z V =El 1 l 2 1 2 t t
< < 2 2 5 5 2G l z y z q d z y zH =H V =E1 2 1 2t t t t
< < 2 5 5 2 < < 2y k z y z y K r z y z q C z y z .H =H V =E H =HŽ .1 2 1 2 r 1 2t t t t t t
Now the result follows from Lemma 5.1 and a suitable choice of r and l.
As a corollary, we obtain the following theorem which, in turn, estab-
lishes the existence and uniqueness result of Theorem 5.1.
Ž .TTHEOREM 5.2. Let ¤ g H, u g V, and u g H and let y s ¤ , u .0 0 0
Ž .Then there exists a unique solution of problem 5.30 satisfying
y g V = E , y9 g V = E 9.Ž .T T T T
Proof. The existence part of this theorem follows from the main
w x w xexistence theorems presented in 7 or 8 . It remains to verify the unique-
ness. Suppose, therefore, that there exist two solutions, y , i s 1, 2. Theni
Ž .we choose l sufficiently large so that the estimate 5.33 holds and let z i
Ž . Ž . Ž .be given by 5.31 . We obtain from 5.32 and 5.33 that
1 2 2< < 5 5z y z t q c u z y z F 0,Ž . Ž . H= H V =E1 2 0 1 2 t t2
which establishes the uniqueness of the solution, and concludes the proof
of the theorem.
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